Evolutionary Graph Theory

Fixation times on directed graphs

David Brewster

Harvard University

Joint work w/ Martin Nowak and Josef Tkadlec



Evolutionary graph theory

’ How does stuff propagate through networks?

Maximizing the spread of influence through a social network
O Kempe, 4 iy, £ Targos - ofthe inth ACM SIGKDD et
Models for

2003 dLacmorg

word o mout”

Recenty,

YrSave T Cie Ciedby9397 Relsted arices Al67 versions

L) Complex networks: Structure and dynamics
S Boccaletti, V Latora, Y Moreno, M Chavez... - Physics reports, 2006 - Elsevier
Coupled biological and chemical systems, neural networks, social interacting species, the

Internet and the World Wide Web, are only a few examples of systems composed by a large ...

Yr Save U9 Cite Citedby 11953 Related articles  All 42 versions

Statistical physics of social dynamics
C Castellano, S Fortunato, V Loreto - Reviews of modern physics, 2009 - APS
... best to mention relevant social science literature and highlight connections to it, the main

focus of this work remains a description of the statistical physics approach to social dynamics. .

Yr Save 99 Cite Cited by 4214 Related articles Al 28 versions

» coronavirus among humans

v Evolutionary dynamics on graphs

E Lieberman, C Hauert, MA Nowak - Nature, 2005 - nature.com
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Some features of the Moran process

fitness
O mutant |~
O resident 1

It is stochastic (random).

In some steps, nothing happens.

Nodes can toggle back and forth (more opinions than gossip).
Eventually, all nodes become the same type (no mutation).

5. Variants exist (e.g. death-Birth updating).

bl N

Quantities of interest:
1. Fixation probability fp"(G): Average probability that, starting
from a single node, mutants spread to all sites.
2. Fixation time T"(G): Average time until one type wins.
» Measured in steps or better in generations.



Some features of the Moran process

fitness
O mutant |~
O resident 1

It is stochastic (random).

In some steps, nothing happens.

Nodes can toggle back and forth (more opinions than gossip).
Eventually, all nodes become the same type (no mutation).

5. Variants exist (e.g. death-Birth updating).

bl N

Quantities of interest:
1. Fixation probability fp"(G): Average probability that, starting
from a single node, mutants spread to all sites.
2. Fixation time T"(G): Average time until one type wins.
» Measured in steps or better in generations.



Some features of the Moran process

fitness
O mutant |~
O resident 1

It is stochastic (random).

In some steps, nothing happens.

Nodes can toggle back and forth (more opinions than gossip).
Eventually, all nodes become the same type (no mutation).

5. Variants exist (e.g. death-Birth updating).

bl N

Quantities of interest:
1. Fixation probability fp"(G): Average probability that, starting
from a single node, mutants spread to all sites.
2. Fixation time T"(G): Average time until one type wins.
» Measured in steps or better in generations.



Some features of the Moran process

fitness
O mutant |~
O resident 1

It is stochastic (random).

In some steps, nothing happens.

Nodes can toggle back and forth (more opinions than gossip).
Eventually, all nodes become the same type (no mutation).

5. Variants exist (e.g. death-Birth updating).

bl N

Quantities of interest:
1. Fixation probability fp"(G): Average probability that, starting
from a single node, mutants spread to all sites.
2. Fixation time T"(G): Average time until one type wins.
» Measured in steps or better in generations.



Some features of the Moran process

fitness
O mutant |~
O resident 1

It is stochastic (random).

In some steps, nothing happens.

Nodes can toggle back and forth (more opinions than gossip).
Eventually, all nodes become the same type (no mutation).

5. Variants exist (e.g. death-Birth updating).

bl N

Quantities of interest:
1. Fixation probability fp"(G): Average probability that, starting
from a single node, mutants spread to all sites.
2. Fixation time T"(G): Average time until one type wins.
» Measured in steps or better in generations.



Special case: Complete graph K, and r > 1

F=kr+(n—k)
k- kr | n—k
Pr = F w1 P,
- _n=k . _k .
P =0 o )

It turns out that we are always r-times more likely to gain than to

lose a mutant. Thus the process can be mapped to a
1-dimensional random walk, with a constant forward bias r.

(0D O KXk # mutants
Claim. fp"(Kn) = $=1/s —noeo | 1= 1/r]
S i

(Intuition. Let x =1 —fp"(K;). Then x = 15

11



Special case: Regular graphs R,

Claim (Isothermal theorem, '05). For any regular graph we have
fp"(Rn) = fp"(Kp).

Proof. The same mapping works! We say that an edge is active if
its endpoints are of different types. Each active edge is r-times
more likely to be used in gaining rather than losing a mutant.

L1
*‘i Ll
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But #steps on regular graphs differ

IS SHD S W
1
‘1

Pt~

Intuition. If a of E edges are active, then, on average, roughly one
in every E/a steps is active.

0 o—e_.—e ~..  # mutants

K,: ftedges ~ n?, #active edges ~ k(n — k)

— #steps for K, ~c-n+ Y k(giik) ~ O(nlogn)
Sqn: #edges ~ 4n, #active edges € (VE, 4k)

— #steps for Sq,, is O(ny/n) and Q(nlogn).

13



Simulations can be slow on directed graphs
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3. For some graphs (even undirected), increasing mutant

advantage can result in longer fixation times.

4. If neutral evolution (i.e. r =1) fixation probabilities are
moderately large, then fixation occurs quickly and can quickly
approximate fixation probabilities when mutant has advantage
(i.e. r>1).
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Balanced graphs

[B-Nowak-Tkadlec '23+]

> If graph is balanced, fixation occurs quickly for any r > 1.

1 1 1 1

2 2

deg_(V) ‘ u:u—veE deg+(u) ) deg+(V) ‘ w:v—>weE deg_(W)

a Superstar b Multipartite graph ¢ Book graph  d Fan graph
o*

wgw (F |
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Games on directed graphs

» Directed graph G = (V,E)
» death-Birth updating

» Given death node v € V/, fitness of ue I (v) is 1 - w + wP
where P is total payoff from playing games with nodes in

r(v)
Mutant Resident
Mutant r r
Resident 1 1
Cooperate Defect
Cooperate b-c -C
Defect b 0

forr>1and b>c>0.
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